bstract This is a study of twisted K-theory on a product space TˆM . The twisting comes from a decomposable cup product class which applies the 1-cohomology of T and the 2-cohomology of M . In the case of a topological product, we give a concrete realization for the gerbe associated to a cup product characteristic class and use this to realize twisted K 1 -theory elements in terms of supercharge sections in a Fredholm bundle. The nontriviality of this construction is proved. Equivariant twisted K-theory and gerbes are studied in the product case as well. This part applies Lie groupoid theory. Superconnection formalism is used to provide a construction for characteristic polynomials which are used to extract information from the twisted K-theory classes.
Introduction
In the first part of this series, [9] , we gave a concrete realization for elements in a K 1 -group twisted by a gerbe on a compact product manifold TˆM . The twisting class decomposes as α ! β P H 3 pTˆM q, for α P H 1 pTq and β P H 2 pM q. We used Hamiltonian quantization to construct the gerbes: quantization leads to a projective bundle of Hilbert spaces whose characteristic class can be read from the index of an odd Dirac family. The twisted K-theory classes were constructed explicitly using supersymmetric Fock spaces in the same spirit Wess-Zumino-Witten model has been used in the construction of equivariant twisted K-theory classes on a Lie group [15, 8] . One can also use projective families of Dirac operators to realize elements in twisted K-theory in the decomposable case, [11, 12, 4] .
A gerbe associated to the decomposable class has a simple topological realization. This is given by a bundle of projective Fock spaces over TˆM . The Fock space has a basis which can be decomposed into charge subspaces labeled by Z. One fixes a line bundle λ associated to a nontrivial class in H 2 pM, Zq. Then one makes the Fock states of charge k P Z to be topologically equivalent to λ bk over the manifold M . Moreover, the translations over the circle T will raise the charge of each state. Consequently there are locally defined transition functions valued in the group of unitary operators on a Hilbert space. However, as one needs to create a state which is topologically a line bundle λ, these are naturally defined as local families of projective unitary transformations (P Utransformations). This bundle has a Dixmier-Douady class of the decomposable type: τ " α ! β.
Associated to these gerbes there are bundles of self-adjoint Fredholm operators acting on the Fock spaces. In [9] we used supercharge operators in conformal field theory to construct sections in these bundles. The homotopy classes of supercharges determine elements in the twisted K-theory group K 1 pTˆM, α ! βq which is isomorphic to an extension of tx P K 1 pM q :
x " x b λu by K 0 pM q K 0 pM q b p1´λq .
The supercharge sections are relevant to the subgroup isomorphic to K 0 pM q{K 0 pM q b p1´λq. We used techniques from differential geometry to study the gerbes and supercharges in twisted K-theory. Especially superconnection techniques and families index theory were applied. Here we raise the issue of how to extend this formalism to the topological framework: the gerbes and twisted K-theory elements are still well defined on the topological product space TˆY . We give a complete characterization of the topological gerbes associated with the cup product Dixmier-Douady classes. The nontriviality of the supercharges as elements in twisted K-theory groups is a consequence of a spectral flow of the eigenvalues. We return to the smooth setup in the study of equivariant gerbes and equivariant twisted Ktheory on a smooth manifold TˆM . The group G is a compact Lie group and acts smoothly on M . The action is extended to TˆM by letting G act trivially on T. The strategy to construct gerbes is to replace the twisting line bundles in the Fock bundle model with equivariant line bundles on M . We use the Lie groupoid formalism which is flexible enough to allow generalizations of this type. In this case we can give explicit formulas for the equivariant P U -transition functions for the gerbe in terms of cocycles in groupoid cohomology. The Dixmier-Douady class of the gerbe is the cup product class α ! β G where α is a 1-cohomology class associated to the trivial G-space structure in T whereas β G is a cocycle determined by a G-equivariant complex line bundle.
Sections of G-invariant supercharge operators in a bundle of self-adjoint Fredholm operators are used to realize elements in the twisted equivariant K-theory groups on the product TˆM . As in [9] a Mayer-Vietoris sequence is used to solve the twisted K-theory group structure. We also develop equivariant characteristic polynomials for the homotopy classes of supercharges. This application uses equivariant superconnections. The target group of these characters is a quotient of the Cartan model of rational equivariant cohomology H odd G pTˆM, Qq. We need to go to a quotient group to make the characters periodic in T. The target group for the superconnection is sensitive to some torsion coming from the twisted equivariant K-theory group. This target is essentially different from the twisted equivariant cohomology theory [13] .
As an example of equivariant gerbes and equivariant twisted K-theory we consider the action of the circle group T on the sphere S 2 which rotates the sphere around its axis. There are two fixed points: the poles. Consequently, there are nontrivial T-equivariant line bundles parametrized by irreducible representations of T on the northern and the southern hemisphere. Such a line bundle is used to construct a T-equivariant gerbe. The ordinary K-theory group K 1 T pTˆM q is a sum of representation rings of T constrained by the common virtual dimension. The twisted K 1 -groups are defined similarly but the generators of the representation rings are truncated by the choice of the twisting bundle λ T . Similar phenomenon occurs in twisted equivariant K-theory on Lie groups which was studied by Freed-Hopkins-Teleman, [7] , [8] . We apply the superconnection analysis to study these groups.
1 Twisted K-Theory of Topological Products 1.1. Let H denote an infinite dimensional complex Hilbert space. We use the model of Atiyah and Segal, [2] , for the definition of twisted K-theory. One needs to modify the usual K-theoretic classification spaces since in the twisted case, the group of unitary transformations U pHq needs to act continuously on them. Suppose that U pHq is equipped with the strong operator topology and let P U pHq denote the group of projective unitary transformations. U pHq is now contractible.
Let BpHq denote the space of bounded operators equipped with the strong operator topology. The space of compact operators KpHq is equipped with the norm topology. Let Fred p0q be the space of operators A P BpHq which have a parametrix, an operator B P BpHq, such that 1´AB and 1´BA are compact. Let Fred p1q denote the subspace of self-adjoint operators with both positive and negative essential spectrum.
Let X be a compact topological space. Suppose that τ is a three cohomology class, τ P H 3 pX, Zq which, under the standard isomorphism H 1 pX, P U pHqq Ñ H 3 pX, Zq, is realized by a P U pHqbundle P. Associated to the bundle P we have a projective bundle of Hilbert spaces and the bundles of Fred ‚ -operators for ‚ " 0, 1. The group P U pHq acts on the space of Fredholm operators under the adjoint action. The twisted K-theory groups are the groups of homotopy classes of continuous sections in the Fredholm bundles Precisely speaking, to define a twisted K-theory group one needs to fix a representative of the twisting class H 3 pX, Zq. Namely, there is no canonical isomorphism relating two twisted K-theory groups with two different (but isomorphic) realizations of the twist class. However, in the analysis presented here, the projective bundle is always clearly defined and this should not lead to any confusion.
1.2.
Let H be an infinite dimensional complex Hilbert space with a polarization H " H`' H´. A canonical anti commutation relations algebra, CAR, is a unital C˚-algebra generated by apf q : f P H such that a : H Ñ CAR is an antilinear map and CAR is subject to tapuq, apvqu " 0 and tapuq, apvq˚u " xu, vy1, for all u, v P H. A Fock space F is a Hilbert space with a vacuum vector |0y and CAR acts on the vacuum by apuq|0y " 0 " a˚pvq|0y for u P H`, v P H´and such that the basis of F consists of apu i1 q¨¨¨apu i k qa˚pu j1 q¨¨¨a˚pu j l q|0y with u ix P H´, u jy P H`.
(
This representation of CAR is irreducible. The basis vectors of this type are eigenvectors for the densely defined charge operator N , the eigenvalue of (1) being l´k. Then we can write the Fock space as a completion of the charge subspaces F " x À kPZ F pkq . The operator S denotes the shift operator which sends F pkq to F pk`1q for all k P Z. We refer to [18] for a careful introduction of these matters.
The Hilbert space vectors will be labeled so that H`has the basis tu i : i ě 0u and H´has the basis tu i : i ă 0u.
1.3.
Consider a compact topological space Y and a nontrivial complex line bundle λ on Y . We use projective Fock spaces in the construction of a gerbe over TˆY .
Let tV i : 1 ď i ď nu be an open cover of Y which trivializes λ with respect to the transition functions h ij : V ij Ñ T. For T we choose a cover tT`, T´u such that T`X T´consist of two disconnected arcs: neighborhoods of´1 and 1 in T. We denote these intersections by T p˘1q´.
Concretely we can choose a small real ǫ ą 0 and then set T`" te iφ : φ P p´ǫ, π`ǫqu and T´" te iφ : φ P pπ´ǫ, 2π`ǫqu. Whenever we consider the intersectionT p1q´w e use rφs " φ mod 2π.
We define an open cover tU i : 1 ď i ď 2nu for TˆY such that U i " T`ˆV i and U i`n " T´ˆV i for all 1 ď i ď n.
For what follows we need a projective Fock bundle on TˆY so that the translation around the circle T raises the charges of the Fock states in its fibres by one. This process will be localized in the open nbd T p`1q´o f T. More precisely, we write
and define the local families S : U p1q i,j`n Ñ P U pHq for all 1 ď i, j ď n which act on the Fock states by raising the charge as in 1.2. These families are naturally valued in P U pHq: when acting on a Fock space, S creates a state from the vacuum S|0y prφs,pq " a˚pu 0 q|0y prφs,pq , prφs " φ mod 2πq (2) but we need to choose an orthonormal basis vector u 0 from the subspace it spans. Thus, one needs to fix complex phases locally. We view S : U p1q i,j`n Ñ P U pHq as components of transition functions of a P U pHq bundle which relates fibres over U j`n and U i for 1 ď i, j ď n. These operators act on the CAR algebra under conjugations by Sapu k qS´1 " apu k`1 q for all k P Z and similarly for a˚pu k q. We can fix the basis vector u 0 and introduce lifted local familiesŜ : U i,j`n Ñ U pHq.
Next we define a bundle of Fock spaces and apply the above local families to raise (lower) the charge of the fibres under translations in the positive (negative) direction in T. In addition we make the charge k states in the lifted Fock bundle to be of topological type λ bk over Y . Such a projective bundle is constructed from theČech-cocycle g P H 1 pTˆM, P U pHqq whose nonidentity components are defined by g ij pφ, pq " ph ij ppqq N , g i`n,j`n pφ, pq " ph i`n,j`n ppqq N , g p´1q i,j`n pφ, pq " ph i,j`n ppqq N g p´1q j`n,i pφ, pq " ph j`n,i ppqq N g p1q i,j`n prφs, pq " ph i,j`n ppqq N S g p1q j`n,i prφs, pq " S´1ph j`n,i ppqq N The upper index p˘1q means that the cocycle is defined in the neighborhood T p˘1q´i n T. In particular, the domain of g p1q i,j`n is the subset U p1q i,j`n . Now we have the projective bundle PF determined by the cocycle tg ij : 1 ď i, j ď 2nu. Notice that the T-valued components in this cocycle do not contribute at the level of projective transformations. However, when lifted, these become important.
The gerbe defines a class in theČech-cohomology group H 2 pTˆY, Tq whose components are determined by the lifted transition functions
for all 1 ď i, j, k ď 2n. In [9] we found out that the Dixmier-Douady cocycle is equal to the totally antisymmetric cocycle whose nonidentity components are determined by f p1q i,j`n,k`n prφs, pq " ph jk ppqq´1
for 1 ď i, j, k ď n. This is a consequence of the relation SN " pN´1qS applied to the lifted transition functions.
Proposition. Under the isomorphism H 2 pTˆY, Tq Ñ H 3 pTˆY, Zq, associated with the group extension Z Ñ R Ñ T, the Dixmier-Douady class of PF is represented by the cup product τ " α ! β where α is a generator of the group H 1 pT, Zq and β is the cohomology class of the twisting line bundle λ.
Proof. This can be proved by following the lines of the Proposition in 2.7 in the case of a trivial group G " t1u.1
.4. Here we recall the supercharge construction from [9] which can be applied in a twisted Ktheory of a topological space straightforwardly. Consider the real Clifford˚-algebra generated by tψ n , n P Zu and subject to tψ n , ψ m u " 2δ n,´m , ψn " ψ´n.
We use a vacuum representation, H s , for the Clifford algebra such that ψ 0 acts on the vacuum as the identity. Let η 0 denote the vacuum vector. The operators ψ i with i ă 0 annihilate the vacuum subspace whereas ψ i with i ą 0 are used to generate the basis of the module. Now we define a new bundle realization for the decomposable Dixmier-Douady class τ . Let S denote the canonically trivial bundle with the representations H s as its fibres over TˆM . The projective bundle PS is a canonically trivial gerbe. Then we can define the P U pHq-bundle PS b PF using the tensor product structure of gerbes with a Dixmied-Douady class represented by the decomposable class τ . The spinor bundle has been introduced so that we can produce Dirac type operators with both positive and negative essential spectrum.
Associated to the gerbe PS b PF there is a bundle of bounded Fred p1q -operators. Then, the homotopy classes of sections define the twisted K-theory groups K 1 pTˆY, τ q. We shall use the approximated sign map
to induce the topology from Fred p1q to the space of unbounded self-adjoint Fredholm operators Fred p1q Ψ . Associated to the gerbe PSbPF there is a bundle of Fred p1q Ψ -operators, and the homotopy classes of sections in this bundle define elements in K 1 pTˆY, τ q through the correspondence rQs Þ Ñ rF Q s.
The supercharges on the product manifolds are the local self-adjoint families Q i :
We have used the operators e n which determine a representation of the centrally extended Lie algebra of the loop group LT on F by e n " ÿ iPZ : a˚pu n`i qapu i q : with re n , e m s "´nδ n,´m .
The usual normal ordering :: is applied to make these operators well defined on the Fock space, : a˚pu i qapu j q :"´apu j qa˚pu i q if i " j ă 0 and the order is unchanged otherwise. Now Q i are families of unbounded and self-adjoint Fredholm operators. The P U pHq-valued cocycle g acts on the local families Q i by conjugation according to g i,j`n prφs, pqQ j`n φ,p pg i,j`n prφs, pqq´1 " Q i φ´2π,p on each nonempty U ij . Concretely, this is a consequence of the operator identities
Therefore, tQ i u indeed defines a section in the unbounded Fredholm bundle. This construction is a straightforward generalization of [9] to the topological setup. Let us write F i Q pφ, pq :" F Q i pφ,pq . We conclude.
Theorem. The homotopy class of the section of bounded operators, pφ, pq Þ Ñ F i Q pφ, pq, defines an element in the twisted K-theory group K 1 pTˆY, τ q.
1.5.
Next we study conditions for nontriviality of the elements in twisted K 1 -groups. Here we take X to be any compact topological space with a nontrivial 3-cohomology group. Let τ P H 3 pX, Zq and realize it as a projective P U pHq principal bundle P τ . Consider an associated projective Hilbert bundle PH τ which restricts to a trivial bundle over a finite cover tU i : i P Iu of X. Denote by g ij the transition functions of the projective bundle and byĝ ij the lifted transition functions.
Below we shall work with local Hilbert bundles and lifted unitary transformations. Consider a section Q of the associated bundle P τˆAd Fred 
In this paper we are interested in the standard K-theoretic situation in which the twisted Ktheory elements are approximated sign operators of unbounded Fredholm operators. The following assumption is standard:
A τ -twisted spectral section P of Q is a section in the bundle P τˆAd BpHq so that the values of P are projection operators, and for some positive real number R ą 0 and for every i and x P U i
The proof of the following theorem applies the ideas of the corresponding result in [14] in the ordinary K-theory.
Theorem. Let Q be a section of a bundle of unbounded Fred p1q Ψ -operators so that the homotopy class of the approximated sign lies in a twisted K-theory group, rF Q s P K 1 pX, τ q. If (4) holds, then Q has a τ -twisted spectral section ô F Q represents the trivial element in K 1 pX, τ q.
Proof. Assume that the spectral section exists. Then define the local families A i Q :
For each i and x P U i , A i Q pxq is the zero operator outside the spectral subspaces H
which is finite dimensional. The local families A i Q transform accordingly under Adpĝ ij q because P i and Q i do. Therefore, we have the equality of the twisted K-theory classes
Moreover, we have a homotopy connecting F Q´AQ at r " 0 and
for any r P R. If r is large enough, the first term is strictly positive whereas the second term is strictly negative and thus r F Q prq becomes invertible. It remains to check that the homotopy r F i Q prq satisfies the continuity conditions in twisted Ktheory for |r| ď K where K is an arbitrarily large real number. The continuity of r F Q prq in the strong operator topology of BpHq follows immediately from the continuity of F Q , P and 1´F 2 Q " p1`Q 2 q´1. According to (4), the eigenvalues of Q i x will go to infinity and all the eigenspaces must be finite dimensional. Therefore, the local families rp1`Q 2 q´1 {2 are valued in KpHq for r arbitrary big. So, up to compact operators, r F i Q prq coincides with P i F i Q P i`p 1´P i qF i Q p1´P i q which coincides with F i Q up to a finite rank operator. Therefore, we can take r F Q prq to be its own parametrix.
It follows that rF Q s P K 1 pX, τ q is a representative of the trivial element since r F Q prq becomes invertible.
We use the following lemmas to prove the converse statement.
Lemma [14] . Let A be a bounded self-adjoint operator on H such that A 2´A is of finite rank. Assume that there is a self-adjoint projection P such that ||A´P || ă 1{2. Then A : impP q Ñ impAP q is an isomorphism onto a closed subspace and if Π denotes the orthogonal projection onto impAP q, then A´Π has a finite rank.
Thus, the projections have to satisfyĝ ij pxqP j xĝ ij pxq´1 " P i x .
Assume that F Q represents the trivial twisted K-theory element. Then, at the level of unbounded operators, we can set a homotopy Qptq in the space of sections starting with a section of invertible self-adjoint operators Qp0q and ending with Qp1q " Q. In addition, we can choose Qp0q such that there are no eigenvalues in p0, ǫq where ǫ is a small positive real number.
We define a continuous function χ P CpRq such that χpλq " 0 for λ ă 0 and χpλq " 1 for λ ě ǫ and apply the spectral theorem to define
Then Jp0q is a section of projection operators and Jp1q satisfies the condition (5) for R " ǫ but Jp1q may not be a projection section, however, pJp1qq 2´J p1q is a finite rank section. The strategy of the proof is to divide the interval r0, 1s to subintervals rt 1 , t 2 s on which
Then we proceed inductively by proving that if the lower limit in the interval has a projection section, P pt 1 q, such that Jpt 1 q´P pt 1 q is a finite rank section, then such a section exists for any t-value in this interval. At t " 0 a projection section exists. Consider s P rt 1 , t 2 s and define another section of BpHqoperators
x psq is a finite rank operator for all i and x P U i . By the first lemma above, the orthogonal projection P i x psq onto the subspace impA i x psqP i x pt 1in the fibre at x of the local Hilbert bundle over U i differs from A i x psq and thus from J i x psq by a finite rank operator. By the second lemma, we can patch together these local projection families to form a section of BpHq-valued operators. Thus, t Þ Ñ P ptq defines a homotopy of projection sections and Jptq´P ptq is a finite rank section for all t P r0, 1s.
Consider the decomposition of the fibres H i,x in the local Hilbert bundles into the eigenspaces of Q i . Then Jp1q is diagonal on the fibres. Next we construct a new section r P i of projective operators so that J i x p1q´r P i x will be an operator which is nonzero only in a subspace spanned by a finite number of Q i x eigenspaces for all x and i. Given such r P , we can take R to be a positive real so that this subspace will lie in H r´R,Rs i,x for all i and x. We can also make R to satisfy R ě ǫ. Then r P is a twisted spectral section. Let Jp1q´P p1q " C. Then we continuously truncate the Q-eigenspace expansion of C to produce a new sectionĈ such that the image of x Þ ÑĈ i x is a subspace spanned by a finite number of eigenvectors of Q i
x . Let r P be the projection onto the image of pJp1q´ĈqP p1q " pJp1q´ĈqpJp1q´Cq.
By studying the Q-eigenspace decompositions of this sections, one easily verifies that r P i x have the required properties for all i and x P X. Thus, we have found a twisted spectral section r P .A s was observed in [14] , the spectral flow around the circle is an obstruction to define a spectral section. This is because all the eigenvalues will grow by 1 leading to identifications of eigenstates corresponding to the eigenvalues k and k`1 at φ " 2π. The twisted spectral section would cut the eigenspace decomposition at some point which makes it noncontinuous.
Corollary. The supercharge sections Q on TˆY define a nontrivial element in K 1 pTˆY, τ q.
In [9] we studied these families on compact manifolds and introduced another dependency on the topology of M by tensoring the gerbe with an arbitrary rank complex line bundle ξ. We proved an index theorem using the superconnection techniques and observed that the nontrivial twisted K-theory information is localized around the null space of Q and that the twisted K-theory class depends on the Chern character of ξ. Here the same phenomenon is expected, although the families index formulas are not available in the purely topological setup.
2 Twisted K-theory of Action Groupoids 2.1. Equivariant twisted K-theory is convenient to describe using the theory of groupoids. Here we return to the smooth setup and study equivariant product manifolds in the language of Lie groupoids. Suppose that Γ Ñ X is a Lie groupoid and X is a compact manifold.
For each p ě 1 let Γ ppq denote the manifold of composable sequences of arrows. We also use Γ p0q " X. We have p`1 maps
such that B 0 leaves out the first arrow, B p leaves out the last arrow and the rest of B i compose the i'th and i`1'th arrow. Then we set B : Γ ppq Ñ Γ pp´1q by B " ř i p´1q i B i . Let F denote an abelian sheaf in the category of smooth manifolds and F p a small sheaf induced by F on Γ ppq . Then we choose injective resolutions F p Ñ I p‚ . This defines a double complex I ‚ pΓ ‚ q whose total cohomology groups, H k pΓ, F q, are the cohomology groups of the groupoids with values in the abelian sheaf F . This theory is Morita invariant [3] , [20] .
We can also use the de Rham complex in the case of coefficients in R. The exterior derivative defines a map d : Λ k pΓ ppÑ Λ k`1 pΓ ppq q. We can use this with the coboundary operator B˚: Λ k pΓ ppÑ Λ k pΓ pp`1to construct a double complex. The total cohomology of this complex is the de Rham cohomology of Γ, we write H k dR pΓq " H k pΛ˚pΓ ‚ qq. The de Rham theorem is still valid in the form
A cocycle in the de Rham theory is an integer cocycle if it lies in the image of the canonical map H k pΓ, Zq Ñ H k dR pΓ, Rq. We are interested in the cohomology groups H 2 pΓ, Tq and H 3 pΓ, Zq. We also point out the existence of the group H 1 pΓ, P U pHqq. We only consider compact groupoids (and therefore proper) and consequently the group homomorphism H 2 pΓ, Tq Ñ H 3 pΓ, Zq, constructed from the standard exact sequence of groups
is an isomorphism. The group homomorphism H 1 pΓ, P U pHqq Ñ H 2 pΓ, Tq, constructed from the central extension T Ñ U pHq Ñ P U pHq, is not an isomorphism in general. However, there is a canonical left inverse, [20] .
A T-central extension of a groupoid Γ Ñ X is a groupoidΓ Ñ X together with a groupoid morphism pπ, idq : pΓ Ñ Xq Ñ pΓ Ñ Xq such that there is a left T action onΓ making π :Γ Ñ Γ a (left) principal T-bundle. These two structures are required to satisfy the compatibility pµ¨xqpµ 1¨y q " µµ 1¨p xyq for all px, yq PΓ p2q and µ, µ 1 P T.
In [20] the elements of ExtpΓ, Tq, the Morita equivalence classes of T extensions of Γ, were identified with isomorphism classes of T-gerbes over the stack associated to Γ. The set ExtpΓ, Tq can be equipped with a structure of an abelian group. Then the group ExtpΓ, Tq is isomorphic to H 2 pΓ, Tq. We shall not need the notion of an gerbe over a stack or Morita equivalence in this work and we refer to [3] , [20] for details. In our case, the twisting classes arise naturally from equivariant P U pHq-bundles. Therefore, we are given an H 1 pΓ, P U pHqq cocycle which then determines a class in H 2 pΓ, Tq. This is related to the decomposable class α ! β G under the isomorphism onto H 3 pΓ, Zq.
2.2.
In this application we start with a cocycle g P H 1 pΓ, P U pHqq. The lifting problem for the projection U pHq Ñ P U pHq defines a class in H 2 pΓ, Tq. The cocycle g defines a principal P U pHq bundle P Ñ X over the groupoid Γ Ñ X. Associated to P there is a bundle of Fredholm operators
We denote by C Γ pPˆA d Fred p1the space of continuous Γ-invariant sections of the bundle PˆA d Fred p1q . Recall from 1.1 that continuity of a section A getting values in Fred p1q means that there is a parametrix section B such that 1´AB and 1´BA are continuous compact operators and both A and B are strongly continuous sections of Fredholm operators. The twisted K 1 -group on Γ is defined by
if τ is the twisting cohomology class and P is its bundle theoretic realization.
As above, we will work with unbounded operators and the twisted K-theory elements will be realized by mapping them to the space of bounded operators via the approximated sign construction.
2.3.
Suppose that G is a compact Lie group acting smoothly on M . Here we consider finite groups as compact Lie groups of dimension zero. The goal is to give an explicit description for the equivariant gerbe in terms of transition functions over a Lie groupoid representing the equivariant manifold. We shall approach as follows. We start with the action groupoid G˙M Ñ M and associated to it define aČech-type groupoid with local group actions. Such a groupoid is Morita equivalent to the action groupoid provided that we can pick a G-invariant cover. In addition, we shall apply the groupoid double complex cohomology associated with aČech resolution, and for this reason the following condition is introduced:
There exists a G-invariant cover V " tV i : 1 ď i ď nu of M such that all intersections of its components, V i1 X¨¨¨X V i l with l ě 1, have trivial T-valuedČech cohomology in nonzero degrees:
This condition holds if we have a G-equivariant good cover. However, it is essentially weaker. In 3.3 we consider a case with a G-equivariant cover satisfying the condition (6) which is not good.
2.4.
Fix a G-invariant cover tV i : 1 ď i ď nu of M . We apply the trivial G-action on the unit circle. Then the cover tT˘ˆV i : 1 ď i ď nu is G-invariant. We shall denote this cover by tU i : 1 ď i ď 2nu as in 1.1. Consider the Lie groupoid
with spg, x ij q " x j and tpg, x ij q " gx i . The multiplication of composable pairs is defined by pg, phxq ij qph, x jk q " pgh, x ik q.
From [20] and [3] we get the following technical result.
Proposition.
(1) The groupoid Γ is Morita equivalent to the action groupoid G˙pTˆM q.
(2) The Lie groupoid cohomology groups H˚pΓ, Zq are isomorphic to the equivariant cohomology groups HGpTˆM q with integer coefficients.
Since M is compact, the equivariant cohomology can be computed with the Cartan or Weyl model. We shall use the Cartan model in 2.11 to map the twisted K-theory elements to equivariant cohomology.
2.5.
Here we forget T for a moment and consider G-equivariant complex line bundles over M . They are classified, up to an isomorphism, by the equivariant cohomology group H 2 G pM q. Therefore they are also classified by the 2-cohomology of the Morita equivalent action Lie groupoid
or by the isomorphic sheaf cohomology group H 1 pΞ, Tq.
Recall that in the case of a compact manifold, the sheaf cohomology associated to an injective resolution is isomorphic to aČech cohomology computed from an open cover which is acyclic for the sheaf. We shall consider the sheaf T. According to (6), Ξ p0q " š V i can be covered with just one set, Ξ p0q itself. For the space of arrows Ξ p1q we need to fix a good cover tN a : a P Ju of G which makes the complex acyclic. Then we fix a cover for Ξ p1q by tΞ p1q a " ž ij N aˆVij , a P Ju.
This cover makes theČech resolution acyclic. For Ξ piq with i ě 2, one proceeds similarly and fixes a good cover in the direction of the group elements and applies theČech construction.
The groupoid double complex is equivalent to theČech hypercohomology compleẍ¨¨¨¨¨¨¨C
The horizontal lines are induced from the isomorphisms to the injective resolution and the choice is not unique. However, the cohomology groups associated to different choices are isomorphic. A 1-cocycle in this double complex has components h 01 and h 10 (the first index labels the vertical direction). However, the second vertical arrow in the first column is the identity map and consequently, the only nontrivial component is h 01 P ś a C 8 pΞ p1q a , Tq. The cocycle condition in the vertical direction requires that δph 01 q " 1 and therefore h 01 can be glued over the components N a to a a sequence of functions h ij : Ξ p1q Ñ T which we denote by h. Also, h is in the image of the injective map from the groupoid cohomology complex pΞ ‚ , B˚q to the double complex and the cocycle condition reads B˚phq " 0 which is equivalent to h ij pg, hxqh jk ph, xq " h ik pgh, xq
on V ijk . This analysis shows that it is sufficient to study the groupoid cohomology complex pΞ ‚ , B˚q to realize the G-equivariant line bundles: any G-equivariant complex line bundle on M is determined by a set of transition functions th ij : V ij Ñ Tu subject to B˚phq " 0. The G-action on the fibres is given by
where a P G, px j , vq is written in the trivialization over U j and ppaxq i , h ij pa, xqvq over U i . We can use the standard projection p : Γ p1q Ñ Ξ p1q to pull the G-equivariant line bundle data from M to TˆM .
2.6. Next we define a G-equivariant projective Fock bundle over TˆM in the spirit of [9] or 1.1. The twisting is now determined by a G-equivariant line bundle λ G on M . We denote by h P H 1 pΓ, Tq a representative of this bundle in the Lie groupoid cohomology.
Consider the operators S and N acting on the Fock space as in 1.2. Again, S is defined up to fixing of a basis for the state it creates and therefore it is naturally defined as a P U pHq operator. Then we define a projective Fock bundle, PF G , associated to the cocycle g P H 1 pΓ, P U pHqq with the nonidentity components g ij : GˆU ij Ñ P U pHq given by g ij pa, xq " ph ij pa, xqq N g i`n,j`n pa, xq " ph i`n,j`n pa, xqq N g p´1q i,j`n pa, xq " ph i,j`n pa, xqq N g p´1q j`n,i pa, xq " ph j`n,i pa, xqq N g p1q i,j`n pa, xq " ph i,j`n pa, xqq N S g p1q j`n,i pa, xq " S´1ph j`n,i pa, xqq N for all 1 ď i, j ď n. The translation around the circle in the positive direction adds the charge by one and the translation in the negative direction subtracts the charge by one. In local coordinates the action of G reads px j , Ψq Þ Ñ ppaxq i , g ij pa, xqΨq for 1 ď i, j ď 2n if px j , Ψq is evaluated in the trivialization over U j and ppaxq i , g ij pa, xqΨq in the trivialization over U i and Ψ is a vector in the Fock space.
Denote byĝ P H 1 pΓ, U pHqq the lifted transition functions. They act on the Fock states over M so that each charge k subbundle has a structure of a G-equivariant vector bundle of type λ bk G . Over TˆM there is a G-equivariant gerbe. The components of the Dixmier-Douady class f P H 2 pΓ, Tq are determined by the formulas
for the lifted transition functions. The following is a direct computation.
Proposition. The nonidentity components of the cocycle f P H 2 pΓ, Tq are f p1q i,j`n,k`n pa, bx, b, xq " ph j`n,k`n pb, xqq´1 f p1q j`n,i,k`n pa, bx, b, xq " ph j`n,k`n pab, xqq f p1q j`n,k`n,i pa, bx, b, xq " ph j`n,k`n pa, bxqq´1 for 1 ď i, j, k ď n and a, b P G.
2.7.
Let λ G and h P H 1 pΓ, Tq denote a G-equivariant complex line bundle and its structure cocycle as in 2.5. Let β G denote the cocycle in H 2 pΓ, Zq which is the image of h under the isomorphism of cohomology groups (recall 2.1). Define α P H 1 pΓ, Zq to be the groupoid cocycle with the nonzero components α p1q i,j`n pa, xq " 1 and α p1q i`n,j pa, xq "´1 for all 1 ď i, j ď n and pa, xq P GˆpTˆM q. We can view α and β G as groupoid de Rham cocycles. Then we can apply the cup product in Hd R pΓ, Zq, [3] . We introduce another cochain, s P C 1 pΓ, Tq whose nonzero components are s p1q i`n,j pa, xq " h i`n,j pa, xq for all 1 ď i, j ď n. Then one checks that f " B˚psq expptq It follows that the cohomology class of f maps to the cohomology class of α ! β G under the isomorphism.T he gerbe PF G is nontrivial since its Dixmier-Douady class can be realized as a cup product of two nontrivial cocycles which are localized on different manifolds. Moreover, we note that if we cut the circle T, then the Dixmier-Douady class becomes trivial since the 1-cocycle trivializes.
2.8. The twisted K-theory groups K˚pΓ, τ q associated to a gerbe with a Dixmier-Douady class represented by τ " α ! β G can be solved, up to a group extension problem, using the Mayer-Vietoris sequence. Let us fix a closed cover TˆM " pT`ˆM q Y pT´ˆM q. The Dixmier-Douady class trivializes in both components. Therefore, the groups that appear in the Mayer-Vietoris sequence are isomorphic to G-equivariant K-theory groups without a twist. Up to group isomorphisms, the Mayer-Vietoris sequence associated to the closed cover is (see [20] 3.12.)
The maps a˚are defined by a˚px, yq " px´y, x´y b λ G q where λ G is the equivariant twisting line bundle.
The solution of K˚pΓ, τ q from this sequence is parallel to [9] and only the result is provided. One finds the solution by a diagram chase of an exact sequence of abelian groups. Therefore, the group structure is only recovered up to a possible extension problem.
Proposition. If˚" 0, 1, then K˚pΓ, τ q is isomorphic to an extension of the group
2.9. Consider a G-equivariant projective Fock bundle PF G constructed in 2.6. We fix a Gequivariant finite rank complex vector bundle ξ G on M and then define another projective bundle PF ξ " PpF G b ξ G q. Without a loss of generality, we can assume that λ G and ξ G are trivialized over the same cover U. We shall also apply the spinor module H s and form a trivial bundle of projective spinors PS as in 1.4. We have the projective bundle PS b PF ξ which still has the Dixmier-Douady class represented by the cup product class τ . The projective bundle PS b PF ξ can be lifted locally, on each U i with 1 ď i ď 2n, to a Hilbert bundle. Acting on the local Hilbert bundles we have the local Fredholm families Q i :
The operators e n and ψ n are defined as in 1.4. Since the cover is G-invariant and the local families Q i are constant in the direction M , we get g p1q i,j`n pa, xqQ j`n pφ,pq pg p1q i,j`n pa´1, axqq´1 " Q i pφ´2π,apq " Q i apφ´2π,pq .
for all 1 ď i, j ď n and a P G. Consequely, Q is a G-invariant section of a bundle of unbounded Theorem. The approximated sign of the section Q defines a class in twisted K-theory:
Proof. The Γ-invariance of F follows immediately from the Γ-invariance of Q. The continuity of F can be proved as in the case of smooth manifolds, [9] .N ow the main problem to solve how the supercharge Q associated with the vacuum bundle ξ corresponds to the twisted K-theory group K 1 pTˆM, τ q. An index-theoretic solution for this problem is given in 2.11. A sufficient background in equivariant cohomology is collected in 2.10, see [5] .
2.10. The groupoid cohomology groups H k pΓ, Zq are isomorphic to the G-equivariant integer cohomology groups because our groupoids are Morita equivalent to an action groupoid. We shall use the Cartan model of equivariant cohomology to study equivariant characters associated to the equivariant supercharges.
Suppose that N is a smooth manifold, and G is a compact Lie group which acts smoothly on N . Let g denote the Lie algebra of G. If X P g we denote by X N the vector field induced by the action expp´tXq on N . Denote by ι X : Λ˚pN q Ñ Λ˚´1pN q the contraction by X N . Define
This is the order q subspace in the space of equivariant polynomial functions g Ñ Λ˚pN q. The order zero subspace consists of G-equivariant functions. The equivariant coboundary
The square d 2 G αpXq "´td, ι X u¨αpXq "´L X¨α pXq is equal to zero since αpXq is invariant under the action of Lie derivative L X . We denote by HGpN, Rq the cohomology of this complex.
If ∇ is an invariant connection of an equivariant line bundle λ G , then the equivariant curvature of ∇ is F pXq " p∇´ι X q 2`L X . The first Chern class, c G 1 , sends an isomorphism class of a G-invariant line bundle to the cohomology class of its equivariant curvature form p2πiq´1F pXq. With this normalization the Chern class is an integer class in the equivariant cohomology group. The tensor product of equivariant line bundles defines a group structure in the set of isomorphism classes of G-equivariant line bundles. Then c G 1 an isomorphism of groups.
2.11. We pull the projective bundle PSbPF ξ and the supercharge Q to the covering space RˆM . The associated covering transformation is chosen so that it restricts to the identity over M . The Dixmier-Douady class becomes trivial on the covering space. The lifting of the P U pHq-valued transition functions to U pHq-valued operators on the covering space results a bundle of Hilbert space which is isomorphic to the trivial bundle RˆMˆP U pHq. Let us denote this bundle by S b F ξ . Now we can use standard methods in index theory to compute an equivariant characteristic polynomial on the covering space. Suppose that A is a G-invariant superconnection of the lifted supercharge. The G-invariance means that A commutes with the action. The supercurvature of A is given by the formula FpXq " pA´ι X q 2`L X and the Chern character F is the equivariant form ch-ind 1 pXq " ϕpsTrpe´F pXfor all X P g, where sTr is the supertrace in the odd superconnection formalism and ϕ is a normalization over M which sends an equivariant 2n`1 form Ω on M to p2πiq´nΩ.
Proposition.
(1) The character ch-ind 1 is a closed equivariant form.
(2) If A t is a continuous one parameter family of superconnections with t ą 0, then the transgression formula holds:
Proof. (1) The equivariant supercurvature is of the form FpXq " pd`B´i X q 2`L X where B is a G-invariant endomorphism valued differential form which is odd with respect to the grading. Especially, sTrrB, FpXqs " 0 and one easily sees that sTrrB, e´F pXq s " 0. Now d G psTre´F pX" sTrrd G , e´F pXq s " sTrrd G`B , e´F pXq s " 0.
(2) The original proof, [19] , generalizes to the equivariant case.
Let ∇ ξ and ∇ λ be G-invariant connections of the bundles ξ G and λ G . A connection of S b F ξ can be chosen by
LetF denote its curvature. Recall that N is the unbounded operator which counts the charge of the Fock state. The strategy to compute the super Chern character is based on the homotopy invariance (2) . We set a one parameter family of supercharges t Þ Ñ ? tQ " Q t for t ą 0 and define an equivariant superconnection by A t " χQ t`∇ . The equivariant supercurvature is
t´χ r∇, Q t s`F pXq. for all X P g. The formal symbol χ is applied in the odd superconnection formalism. It satisfies χ 2 " 1, anticommutes ι X and equivariant forms of odd rank and commutes with Q. The supertrace sTr applies the usual operator trace to the terms linear in χ and maps to zero everything else. The t Ñ 8 limit of this character associated with this supercurvature can be computed in the equivariant case as in [9] . The limit localizes as a distributional valued form on the submanifold where Q has its kernel. We let P denote a family of projection operators onto the subbundle We would like to fix a locally defined section ψ : TˆM Ñ RˆM and pull the form ch-ind 1 pXq to the base TˆM . There is the difficulty that under translations by 2π in the direction of R, the supercurvature transforms as F t pXq py,pq Þ Ñ SpF t pXqq py`2π,pq S´1 " SpQ t´χ r∇, Q t s`F pXqq py`2π,pq S´1
" SpQ t´χ dy`F pXqq py`2π,pq S´1 " pQ t´χ dy`F pXq´F λ pXqq py,pq " F t pXq py,pq´Fλ pXq py,pq for all py, pq P RˆM . Therefore, the superconnection is not invariant under translation by 2π and it would not glue to a global form under the pullback.
Given a section ψ of the covering map RˆM Ñ TˆM , we use the strategy in [9] and pull the form to a quotient of the rational equivariant cohomology group
Here we consider H odd G pTˆM, Qq to be an abelian group and do not equip it with a Q-module structure. Likewise, ? π dφ 2π^p 1´ch G pF λ qq^chpK G pMis the normal subgroup of cohomology classes of these elements under addition. In conclusion.
Theorem. Let ψ be an arbitrary section of the covering map. The equivalence class of the equivariant character ch-ind τ 1 is independent on the choice of the section ψ and is represented by
Proof. The distributional form can be represented in cohomology by the angular form with volume equal to 1. Thus, the character can be represented by
Under the translation by 2π in R, the supercurvature will be shifted by´F λ . Since F λ is Ginvariant and thus commutes with the supercurvature, the character form gets multiplied by chpF λ q. However, this operation does not have any effect in the quotient where the character is evaluated. Therefore, the choice of ψ does not have effect on the equivalence class.T his index theorem can be used to extract information from the twisted K-theory elements represented by approximated signs of the supercharges. Namely, if Q 1 and Q 2 is a pair of supercharges with vacuum bundles ξ 1 and ξ 2 , and if the characteristic classes of Q 1 and Q 2 are not equal, then there can be no continuous homotopy between Q 1 and Q 2 . Since the topology in the space of unbounded Fredholm operators is induced from the topology of bounded Fredholm operators, there can be no continuous homotopy at the level of approximated signs either. Thus, the twisted K-theory classes are different as well.
There is exactly one nontrivial cup product twisting class τ " α ! β where β is the class of λ in H 2 pRP 2 q and α is the generator of H 1 pTq. According to the proposition of 1.3, the projective Fock bundle model applied to the twisting line bundle λ realizes this class geometrically.
K-theory groups on RP 2n are solved in [1] K 0 pRP 2n q » Z ' Z 2 n , K 1 pRP 2n q " 0.
As an abelian group, K 0 is generated by 1 and x n and its ring structure is given by
x n " 1´rλs, x 2 n " 2x n , 2 n x n " 0.
By Kunneth's formula we have
Next we use the proposition of 2.8 to solve the twisted K 1 -group. The normal subgroup
is the torsion subgroup isomorphic to Z 2 n in K 0 pRP 2n q by (9) . Therefore, the τ -twisted K 1 -group is given by
The twisting by τ kills the torsion subgroup. Consider a pullback of the projective bundle of Fock spaces PF ξ to RˆRP 2n as in 2.11. Then we can lift the transition functions and define a Hilbert bundle on the covering space. Assume that ξ is a line bundle on RP 2n . Thus, ξ " λ or ξ " 1, the trivial complex line bundle. Then the topological type of the vacuum at the submanifold with 0 " y P R is ether λ or 1. The type depends on the chosen lift R Ñ T but is not important. Translations in the direction of positive real numbers by 2π then change this type to 1 or λ (respectively). This continues through the real line: the topological type of the vacuum is Z 2 graded and depends on the choice of integer part of the R coordinate. This is the reason for the absence of the torsion subgroup: twisted K 1 -theory does not distinguish λ from 1 since vacuums of these types are identified.
In the nontwisted case (i.e. set β " 0), we have the supercharge construction on TˆRP 2n . Without the twist, the topological type of the Fock vacuum does not depend on the direction T and hence, the topological type of the kernel bundle is fixed by the choice of ξ.
Let τ be the nontrivial twisting class. Now twisted K-theory is insensitive to the topology associated with λ in the local kernel bundles. Thus, only the information associated with the rank of the kernel bundle is relevant. Suppose that the vacuum bundle ξ is an arbitrary complex vector bundle. We can study the characteristic form of the supercharge Q applying the methods of 2.11 with a trivial group action G. Detailed calculations can also be found from Section 6 in [9] . The curvature form of λ vanishes in the de Rham cohomology. Now the form ch-ind τ 1 gets values in the usual odd de Rham cohomology of TˆRP 2n . In fact, according to the analysis in 2.11 the characteristi form is represented by
The rank of the vacuum bundle determines the twisted K 1 -class.
3.3.
Let T act on S 2 by rotations around the axis of the sphere. We denote by S 2 and S 2 the north and south hemispheres of S 2 such that the intersection S 2´i s the equator T. Then S 2 " S 2 Y S 2 and the cover is T-invariant. The south and north poles are the fixed points of this action. The equivariant line bundles are classified by
This result is well known and can be solved with the Mayer-Vietoris sequence. u˘are generators of the cohomology groups H 2 T pS 2 , Zq: S 2 are retracted to the fixed points resulting cohomology groups isomorphic to the T-equivariant cohomology of a point, i.e. H 2 pCP 8 , Zq, and under this identification, u˘can be viewed as generators of H 2 pS 2 , Zq. We also get the isomorphism where i, j P t`,´u. This is Morita equivalent to the action groupoid T˙S 2 Ñ S 2 . The equivariant complex line bundle corresponding to pa n`, a n´q in H 2 T pS 2 q is associated to the groupoid cocycle h P H 1 pΞ, Tq. Its components are h``pexppiϕq, pq " exppin`ϕq, h´´pexppiϕq, pq " exppin´ϕq, h`´pexppiϕq, pα, rqq " exppin`ϕ`ipn`´n´qαq and h´`pexppiϕq, pα, rqq " exppin´ϕ´ipn`´n´qαq where we have denoted by α the angle coordinate and r the height coordinate of the tube around the equator S 2´. The components h``and h´´carry the information of the T-action on the fibres. The topological type of this bundle is determined by h`´p1, pα, rqq which is a function on the equator with winding number equal to pn`´n´q.
Denote by tU i u the cover of TˆS 2 which has 4-components: tT˘ˆS 2 u. Following 2.4 we construct the Lie groupoid
The cocycle g P H 1 pΓ, P U pHqq of the projective Fock bundle is straightforward to write down using the formulas in 2.6. Next we tensor the Fock vacuum with ξ T which is a line bundle corresponding to the class pa j`, a j´q . Let F λ and F ξ denote G-invariant curvatures of λ T and ξ T . We apply the theorem of 2.11 which gives a representative for the character map of the supercharge associated with this setup. The 3-form part readś
The equivariant forms F˘are generators of H 2 T pS 2 , Zq. Therefore, if ξ 1 and ξ 2 are equivariant line bundles associated to the classes pa j1 , a j1 q and pa j2 , a j2 q, and λ T is as above, then the supercharges associated with these models determine distinct elements in K 1 T pTˆS 2 , τ q if and only if j1´j2 ‰ 0 mod l`or j1´j2 ‰ 0 mod l´.
If we apply similar analysis as above for higher rank T-equivariant vector budles ξ 1 and ξ 2 the characteristic map is no longer injective as a map from supercharges to equivariant cohomology theory. However, the superconnection analysis still provides nontrivial information. For example, if the ranks of ξ 1 and ξ 2 do not match, then the associated K 1 -classes are necessarily different since the one form components of the characters are not equal in cohomology.
On A{ΩG which is homeomorphic to G we define a Fock bundle. We set vacuum levels x i and a finite cover U i of A{ΩG so that the the numbers x i do not belong to the spectrum of the Dirac family over U i . Then, over each U i , one can define a polarization in the local Hilbert bundles to Dirac eigenspaces with eigenvalues larger than x i and its orthogonal complement. The global spectral flow of the Dirac family is an obstruction to set this polarizations globally over A{ΩG. Next one fixes local Fock bundles associated with the chosen polarization on each U i . On the overlaps U ij two different vacuums associated to different polarizations are related by tensoring with a determinant line bundle. The Hamiltonian system is therefore naturally defines as a projective bundle of Fock spaces. Then there is a prolongation problem: can we fix the vacuum levels locally (local determinant line bundles) to create a Fock bundle over A{ΩG. In [6] , [10] it was found that the obstruction to do this is the three cohomology part of the odd character of the Dirac family over A{ΩG. The gerbe analysis in the first part of this series [9] was based on this result.
The gauge group ΩG acts on the fibers of the Fock bundle as a subgroup of LG. The loop group acts under an irredcible positive energy representation which is projective. Alternatively, these representations are irreducible representations of the central extensionLG. The extension cocycles arise in the lifted transition functions of the Fock bundle over A{ΩG and ruin theČech cocycle condition for the transition functions. The relationship to the prolongation problem can be described explicitly. Let c P H 2 plg, Cq denote the Lie algebra cohomology class of the extension. We can identify the Lie algebra elements with the tangent vector fields near the identity and realize c as a differential two form near the identity of LG and extend it by left translation through
LG. The normalized cocycle c{2πi defines an integer cohomology class. We choose local sections s i : U i Ñ p´1pU i q of A p Ñ A{ΩG. Let g ij denote the ΩG valued transition functions of the principal bundle A. Then s j " s i g ij . We pull back the two forms c on LG to define local 2-forms gi j pc{2πiq on U ij . These define a representative for the Dixmier-Douady class of the gerbe inČech-de Rham double complex. TheČech-de Rham complex can be analyzed in as usual to get a pure de Rham representative. We find the forms ω i and ω j over U i and U j so that gi j pc{2πiq " ω j´ωi . Let Ω be a 3-form over G which is locally defined by dω i on U i . Then Ω is a global 3-form which represents the Dixmier-Douady class of the gerbe. Explicitly, Ω " k 1 24π 2 pg´1dgq 3 is k times the generator of H 3 pG, Zq if the projective representation of LG has level equal to k P Z. For details, see [16] , [17] .
A.2. We can view the torus T 3 as a parameter space for a quantum field theory in T θ : we replace A by R 3 and ΩG by Z 3 . The action is by translations and therefore R 3 {Z 3 " T 3 . We write T 3 " T φˆT 2 . In [9] we constructed a Hilbert bundle over the 4-torus T θˆT 3 with fibers L 2 pT θ q. There is a Dirac family over T θˆT 3 coupled to the connection of the bundle λ 1 b λ k where λ i is the line bundle associated to the Chern class i P Z on a 2-torus. The 3 cohomology component of the character of this Dirac family is the cup product α ! β such that α is the generator of H 1 dR pT φ , Zq and β is p2πiq´1 times the curvature form of λ k . The associated decomposableČech cocycle defines a transition data of the gerbe exactly as in 1.3.
Here we want to connect the topological prolongation problem to a group extension problem: we can define a trivial bundle of Fock spaces on the affine space R 3 and then implement an extended Z 3 -symmetry on the fibres by an extension cocycle which defines the cup product class in cohomology. In the following we apply the theory of groupoid extensions to make the connection between this extension problem and the cohomology class of the gerbe explicit.
A.3. We can consider the torus T 3 as a transformation groupoid Γ :" Z 3ˆR3 Ñ R 3 with the usual target and source maps t, s : Γ Ñ R 3 , spa, xq " x, tpa, xq " x`a.
The composition m : Γ p2q Ñ Γ is defined in its domain by pb, x`aqpa, xq " pa`b, xq. The action is free and therefore the cohomology of this groupoid is just the usual de Rham cohomology of the 3-torus.
Next we define a topologically trivial T-extensionΓ :" Z 3ˆR3ˆT Ñ R 3 with a projection p :Γ Ñ Γ defined by ppa, x, µq " pa, xq. The target and source maps of the groupoidΓ arê s " s˝p,t " t˝p.
The nontriviality of the extension is associated to the cocycle ω P H 2 pΓ, Tq which is represented by a map ω : Γ p2q Ñ T and the cocycle condition reads pB˚pωqqppa, x`b`cq, pb, x`cq, pc, xqq " 0 which is equivalent to ωppb, x`cq, pc, xqqωppa, x`b`cq, pb`c, xqq " ωppa`b, x`cq, pc, xqqωppa, x`b`cq, pb, x`cqq.
We set x " px 0 , x 1 , x 2 q and a " pa 0 , a 1 , a 2 q. One checks easily that ω : Γ p2q Ñ T defined by ωppa, x`bq, pb, xqq " e 2πika0b2x1 .
is a cocycle. Then we define a composition in the extension groupoidΓ by pa, x`b, µ 1 qpb, x, µq " pa`b, x, µµ 1 ωppa, x`bq, pb, xqqq.
This extensions corresponds to the class k P Z » H 3 pΓ, Zq. This will be justified below. One can define generators r α i , i " 0, 1, 2 for H 1 pΓ, Zq » Z 3 by r α i pa, xq " a i for all pa, xq P Z 3ˆR3 .
The cohomology classes of a 3-torus can be constructed by applying the cup product to the generators. Then the 3-cohomology group is generated by the class of pr α 2 ! r α 1 ! r α 0 qppa, x`b`cq, pb, x`cq, pc, xqq " a 2 b 1 c 0 .
We choose r β to be the cohomology class represented by k r α 2 ! r α 1 . Then we write r α " r α 0 and pr α ! r βqppa, x`b`cq, pb, x`cq, pc, xqq " ka 0 b 2 c 1 .
By antisymmetry, this cocycle is equivalent to k times the generator. Next we define a cocycle f 1 P H 2 pΓ, iRq by f 1 ppa, x`bq, pb, xqq " 2πika 0 b 2 x 1 .
It satisfies p2πiq´1B˚pf 1 q " r α ! r β. It then follows that under the usual isomorphism, r α ! r β maps to the cocycle ω P H 2 pΓ, Tq defined in (10) .
In the action groupoid formalism there is a globally trivial Z 3 -equivariant projective Hilbert bundle over R 3 with a H 1 pΓ, P U pHqq class uniquely determined (in cohomology) by ω in (10) . The equivariant bundle can be chosen to be topologically a product R 3ˆP F where PF is a projective Fock space. Given a cocycle g P H 1 pΓ, P U pHqq, the fibres transform under the action of a P Z 3 by px, Ψq Þ Ñ px`a, gpa, xqΨq.
The cocycle condition B˚pgq " 0 is equivalent to the associativity of the action. If we lift the action to the group U pHq then ω P H 2 pΓ, Tq is risen from the relation B˚pĝq " ω ôĝpa, x`bqĝpb, xqĝpa`b, xq´1 " ωppa, x`bq, pb, xqq whereĝ are the lifted functions Γ p1q Ñ U pHq. We define the cocycle g P H 1 pΓ, P U pHqq by (S and N are defined as in 1.3) gpa, xq " pe 2πika2x1 q N S a0 .
The cocycle condition is straightforward to check. When lifted to U pHq, one finds a representative for the Dixmier-Douady class ωppa, x`bq, pb, xqq " e 2πika0b2x1 .
This is the class (10). If we go to the quotient space T 3 , then the action (11) on the fibres defines a gerbe of topological type α ! β where β is aČech cohomology class associated to the line bundle with Chern class equal to k and α is theČech generator of T.
